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Shock Waves in Dynamic Cavity
Expansion
High velocity cavitation fields are investigated in the context of large strain J2 plasticity
with strain hardening and elastic compressibility. The problem setting is that of an inter-
nally pressurized spherical cavity, embedded in an unbounded medium, which grows
spontaneously with constant velocity and pressure. Expansion velocity is expected to be
sufficiently high to induce a plastic shock wave, hardly considered in earlier dynamic
cavitation studies. Jump conditions across singular spherical surfaces (shock waves) are
fully accounted for and numerical illustrations are provided over a wide range of power
hardening materials. Simple formulae are derived for shock wave characteristics and for
the asymptotic behavior within near cavity wall boundary layer.
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Introduction
A considerable amount of work has been devoted to dynamic

avitation fields induced in elastoplastic media by an internally
ressurized spherical cavity �a detailed review of earlier studies
as given recently by Masri and Durban �1��. However, cavity

xpansion velocities have been limited to a moderate range of
bout m�0.4, m being the ratio of expansion velocity to wave
peed in long elastic rods. At higher radial expansion velocities,
mergence of a new plastic shock wave becomes possible and
olution of field equations is more complicated by the associated
ump conditions across that shock wave.

In this paper, we investigate steady-state self-similar dynamic
avitation fields in spherical geometry with velocities of up to m
0.7. Constitutive response is described by the finite strain J2

heory of plasticity, which includes elastic compressibility and
train hardening. The governing system of equations is briefly
ecapitulated from Masri and Durban �1�. Subsequent analysis
enters on two ordinary nonlinear differential equations for radial
istribution of stress components.

The location of singular surfaces is determined by a new rela-
ion �2.10�, which generalizes the known small-strain plastic wave
peed �2�. Hugoniot jump conditions are discussed in Sec. 3 in
onjunction with radial displacement continuity and singularity
onditions on each side of shock wave. The rigid/elastic interface
onditions and small-strain elastic field �up to onset of initial
ield� are presented in Sec. 4.

Next, in Sec. 5, we investigate in detail the plastic shock wave
haracteristics. Closed form approximations are derived for the
epresentative effective stress within the shock wave, for stresses
iscontinuity ratio across the shock, and for shock wave location
n terms of uniaxial stress-strain relation. Dependence of shock
ntermediate Mises stress on hardening index is shown to be pre-
icted very well by formula �5.8�.

The numerical results are presented in Sec. 6 for radial profiles
f field variables �stresses, velocity, and density� and for depen-
ence of cavitation pressure on cavity expansion velocity. Illustra-
ive data are provided over a wide range of material parameters
yield stress, hardening index, and Poisson ratio�. The emergence
f plastic shock is clearly observed, with increasing level of dis-
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continuities, as m increases. Location of both rigid/elastic inter-
face and plastic shock wave approach cavity wall with higher
values of m. Dependence of cavitation pressure on expansion ve-
locity shows little sensitivity to hardening index but decreases
with elastic compressibility.

The paper concludes �Sec. 7� with an asymptotic analysis of the
near wall boundary layer. Simple formulae are obtained for radial
profiles of stresses and shown to be in good agreement with ac-
curate numerical calculations.

The analysis and results given here are applicable to studies of
plastic shock waves behavior and to penetration depth estimation
of high velocity projectiles. Existing studies of dynamic spherical
cavitation in plastic solids �Hunter and Crozier �3�� are here gen-
eralized by considering the complete J2 large strain theory with
strain hardening and high expansion velocities.

2 Governing Equations
Consider the expansion of a spherical cavity, of current radius A

due to uniform internal pressure p under steady-state self-similar
conditions �Fig. 1�. The surrounding material is an unbounded
Mises plastic solid with the spherically symmetric active Cauchy
components �r ,��=��, defined in a �R ,� ,�� spatial spherical
system of coordinates. The normalized radial coordinate is �

=R /A and the normalized radial velocity is V= Ṙ / Ȧ, where the
superposed dot denotes differentiation with respect to time. For
steady-state expansion it is required that the cavity expansion ve-

locity Ȧ is constant and that all field variables depend only on �.
Masri and Durban �1� showed �Eqs. �17� and �19� therein� that

for a hypoelastic J2 compressible Mises solid with arbitrary strain
hardening, the field equations admit two closed form relations for
the density ratio � /�o and the material velocity V, namely,

�

�o
= e−�, � = 3�	h, � = 1 − 2
 �2.1�

V = ��1 − e−��, � =
3

2
� −

1

2
�	 �2.2�

Hence, � is the current density, �o is the undeformed reference
density, 
 is the Poisson ratio, 	h is the hydrostatic stress normal-
ized by the elastic modulus, and � denotes the total strain, which
is a known function of the Mises stress 	 �again normalized by
E�. Thus �	r ,	� ,	�= ��r ,�� ,�e� /E, where �e=��−�r, 	h= �	r

+2	�� /3, and �=	+�P, where �P denotes the effective plastic

strain.
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The two remaining differential equations that govern the spheri-
al expansion process are �Eqs. �20� and �21� in Masri and Durban
1��

�	r� +
�

2
	� +

1

2
�� =

1

�
�1 − e�� �2.3�

	r� − m2�2��	r� + �	� − ���e−�−2� =
2

�
	 �2.4�

ith the nondimensional cavity expansion velocity defined by

m =
Ȧ

�E/�o

�2.5�

nd the superposed prime denoting differentiation with respect to
.

As they stand, Eqs. �2.3� and �2.4� need to be solved for 	r and
as functions of �. Notice that � depends only on 	 while

� + 2� = 3�	r + 3� + �	 �2.6�
he purpose of the present work is to examine solutions of Eqs.

2.3� and �2.4� for cavitation fields at high expansion velocities,
hich induce a plastic wave front.
While in this formulation the dependence of �p on �e has been

eft arbitrary, a broad range of plastic response is covered by the
ower law

�p = 0 for �e � �y

�2.7�

�p =
�y

E
��e

�y
�1/n

−
�e

E
for �e 
 �y

here �y is the yield stress and n is the hardening index. Relation
2.7� is employed here for numerical illustrations of dynamic
pherical cavitation fields.

To sum up, we have two differential equations �2.3� and �2.4�
ith two unknowns �	r,	� whose radial variation with the inde-
endent variable � should be determined. The profiles of density
�� and velocity �V� are then obtained from relations �2.1� and
2.2�, respectively.

While governing equations are identically satisfied within the
ndisturbed zone ��E�����, integration of the system starts at

ig. 1 Diagram of the field induced by self-similar expansion
f a spherical cavity „with current radius A… in an unbounded
ises medium in the presence of an elastoplastic shock wave.
is the applied pressure and �=R /A is the nondimensional

adial coordinate. �E and �P represent the rigid/elastic and the
lastic wave fronts, respectively, while �i denotes the elasto-
lastic interface where �e=�y.
he rigid/elastic interface where
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� = �E: 	 = 0, 	r = 0, �� = �o, V = 0� �2.8�

up to the cavity wall where

� = 1: 	r = − P, 	 → �, �� → 0, V = 1� �2.9�

Here, P= p /E is the applied cavitation pressure normalized with
respect to the elastic modulus. The problem lies in finding the
value of P for which a solution exists.

Before performing numerical integration it is necessary to de-
termine the conditions of possible singularities of Eqs. �2.3� and
�2.4�. To this end, we use the identity 	�=h�� where h=d	 /d� is
the nondimensional tangent modulus of the stress-strain curve de-
termined by the tension test. The determinant of the coefficients of
first-order derivatives �	r� ,	�� on left hand side of Eqs. �2.3� and
�2.4� vanishes when

�m2�2 =
1 + �h

3 − �h
e�+2� �2.10�

which dictates the radial location � of singular spherical surfaces.
Shock waves are identified as singular surfaces �Eq. �2.10��,

which permit discontinuities of field variables, governed by the
Hugoniot jump conditions together with continuity of the circum-
ferential strain. Since Eqs. �2.3� and �2.4� are nonhomogeneous, it
can be shown by basic algebraic reasoning that the derivatives
�	r� ,	�� will become unbounded at the shock location unless the
equality

1 − e� = �	
3 − �h

1 + �h
�2.11�

is satisfied. However, for conventional metals that equality is not
applicable over range of interest.

Relation �2.10� reduces to small-strain plastic wave speed �CP

=m�P�, in steady-state cavitation,

�CP
2 =

1 + �h

3 − �h
�2.12�

derived by Hopkins �2� �Eq. �6.43�� with an earlier reference to
Luntz �4� and discussed in later studies within the context of
small-strain plasticity �5�. In the absence of hardening �h=0�, we
recover the standard bulk wave speed 3�CP

2 =1.
As we shall see in next sections, there are two different types of

discontinuities in the spherical cavitation fields. At the rigid/
elastic interface �=�E all field variables pass continuously with
Eqs. �2.3� and �2.4� being homogenous while the derivatives 	r�
and 	� remain finite but discontinuous. At the plastic shock dis-
continuity ��=�P�, there is a possibility of finite jump in values of
field variables, Eqs. �2.3� and �2.4� are nonhomogeneous and
stress derivatives may become unbounded on both sides of the
shock wave. No discontinuity of field variables has been encoun-
tered at the elastic/plastic interface ��=�i� unless the plastic wave
coincides with elastic/plastic interface. In fact, for solids that do
not exhibit a definite yield point �such as the Ramberg–Osgood
relation� there is no elastic/plastic interface.

3 Jump Conditions
When singularity arises and discontinuity in system variables is

possible the governing field equations must be replaced by finite
�jump� relations. The variables, which admit discontinuities are

�� ,V ,	r ,	� two of which �� ,V� are given by Eqs. �2.1� and �2.2�.

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



r

w
m
b

A
d
d
w

w

w

e
s
w

f
n
s
s

a
�
t
s
c
i
t

4

=
e
=

i
=
r
i

i
D
�

J

Downlo
Two fundamental conditions are the Hugoniot jump conditions,
equiring conservation of mass and momentum,

� �

�o
�VW − V�	 = 0

�	r + m2 �

�o
�VW − V�V	 = 0

here VW is the wave speed. When a wave emerges, at a constant
aterial radius �=�W, then VW=�W and the Hugoniot relations can

e rewritten as

� �

�o
��W − V�	 = 0 �3.1�

�	r + m2 �

�o
��W − V�V	 = 0 �3.2�

third restriction on permissible jumps is continuity of the radial
isplacement across the shock. However, continuity of the radial
isplacement translates to continuity of the circumferential strain,
ithin framework of J2 theory of plasticity �1�

�− 
	r + �1 − 
�	� +
1

2
�P	 = 0

hich, in view of Eq. �2.6�, can be written as


� + �� = 0 �3.3�

ith � and � defined in Eqs. �2.1� and �2.2�.
To sum up, we have the three jump conditions �3.1�–�3.3� at

ach location of the singularity surface, �=�W, along with the
ingularity condition �2.10�, which is imposed on both sides of the
ave �denoted as �=�W

− ,�W
+ �. Thus we rewrite Eq. �2.10� as

�m2�W
2 = �1 + �h

3 − �h
e�+2��

at �W
− and �W

+
�3.4�

or the two distinct requirements. Subsequently values on the in-
er side of the jump �closer to the cavity wall� are denoted with a
uperscripted ��� and the values on the outer side with a super-
cripted �+�.

Relations �3.1�–�3.4�, together with boundary data in Eqs. �2.8�
nd �2.9�, enable a complete numerical solution for variables
	r ,	 ,� ,V� in the presence of discontinuities. A helpful observa-
ion in this context is that relations �2.1� and �2.2� hold on both
ides of the wave. In fact inserting relations �2.1� and �2.2� into
ondition �3.1� generates the displacement continuity �3.3�, imply-
ng that the hydrostat �2.1� together with Eq. �2.2� are equivalent
o requirement �3.3�.

Elastic Field �i����E

At the far field ����E� material is undisturbed with V=0, �
�o, and all stress components vanish. Thus, the location of rigid/
lastic interface is found from singularity condition �3.4� at �
�E

+

m2�E
2 =

1 + �

��3 − ��
=

1 − 


�1 − 2
��1 + 
�
�4.1�

n agreement with the linear elasticity result for wave speed CE
m�E. It is a matter of ease to show that there are no jumps at the

igid/elastic interface so �−=�o with vanishing stresses and veloc-
ty at �E

−.
It follows that Eqs. �2.3� and �2.4� are homogeneous at �=�E

−

mplying finite values of derivatives of field variables. In fact,
urban and Masri �6� cast the small-strain elastic solution for �i

���E into the form
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	r =
2C

3�E
3 �� �E

�
�2

+
�E

�
+

3 − �

2�
��1 −

�E

�
� �4.2�

	 =
C

�E
3 �� �E

�
�3

−
�E

�
� �4.3�

Elastic field consistency implies that �=�o and material velocity is
accordingly

V = �1 + 
��	 �4.4�

This solution is valid up to the elastic/plastic interface �=�i,
where 	=	y with 	y =�y /E denoting the nondimensional yield
stress. The constant C is determined by the numerical solution of
the entire elastoplastic zone up to the cavity wall.

At the elastic/plastic interface, all field variables remain con-
tinuous, although jumps in first-order derivatives are encountered.
Thus, integration of governing equations proceeds from �i

− in-
wards with stress depending only on constant C.

5 Elastoplastic Field 1����i

When �=�i ��e=�y�, plasticity sets in and integration of the
governing equations is performed numerically. The values of con-
stant C are iterated until boundary data at the cavity wall is met
�when 	→��. The corresponding cavitation pressure is then
given by P=−	r��=1�. For cavity expansion velocities below a
critical value, no plastic wave will develop and several examples
of these fields are illustrated in Masri and Durban �1�. However,
with cavity expansion velocities above the critical value, singular-
ity of the equations arises and a new discontinuity, a plastic shock
wave has to be considered. The location of this wave ��=�P� is
determined by condition �2.10�, namely,

�m2�P
2 = �1 + �h

3 − �h
e�+2��

�=�P
+,�P

−
�5.1�

where the right hand side of Eq. �5.1� is evaluated on both sides of
the wave. Equations �2.3� and �2.4� are nonhomogeneous, at �
=�P

− ,�P
+ implying that the derivatives �	r� ,	� ,�� ,V�� may become

unbounded and that the variables �	r ,	 ,� ,V� admit possible dis-
continuities across the wave, indicating the existence of a plastic
shock wave. Jump conditions �3.1�–�3.4� need now to be imple-
mented in numerical procedure to facilitate solution in the pres-
ence of a plastic shock.

Instructive insight into plastic shock wave characteristics can be
obtained by a fairly simple analysis, exposing behavior of central
parameters at �P. We start by rewriting Eq. �2.10� on each side of
the shock as

�m2�P
2 e−�−� = �1 + �h

3 − �h
e��

�=�P
−,�P

+
�5.2�

but since 
�+��=0, by Eq. �3.3�, r.h.s. of Eq. �5.2� should be
continuous as well

�1 + �h

3 − �h
e�	 = 0 �5.3�

It follows that the function f�	� defined by

f�	� =
1 + �h

3 − �h
e� �5.4�

must exhibit an extremum within the range of interest �	+�	
�	−�, namely,

df

d	
= 0 → 	 = 	P �5.5�

where 	P is an intermediate value of 	, characterizing the shock
+ −
�	 �	P�	 �. The existence of such an extremum of f�	� de-
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ends on material hardening �softening� response and on elastic
ompressibility. The existence of a solution of Eq. �5.5� is of
ourse a necessary condition for emergence of a plastic shock
ave.
Specifying Eq. �5.5� for a given stress-strain curve, we find

8�
d�

d	
= �� + ���3� − ��2, � =

1

h
=

d�

d	
�5.6�

he solution of Eq. �5.6� can be approximated by assuming that
��

8�
d�

d	

 9�3 �5.7�

nd for the pure power hardening law Eq. �2.7�, an approximate
alue of 	P is obtained from Eq. �5.7� in the form

	P 
 	y�8��1 − n�n
9	y

�n/�2−n�

�5.8�

here 	y =�y /E is the nondimensionalized yield stresses. Exact
nd approximate solutions, from Eqs. �5.6� and �5.8�, are com-
ared in Fig. 2. The deviation is hardly noticed, implying that
elation �5.8� gives dependence of 	P on n quite accurately. For
lastic/perfectly plastic materials, with n=0, 	P coincides with
y.
The jump condition �3.3� implies that

�
	r� = −
1

2
��
	� + 
��� 
 −

1

2
�� + �P�
	� �5.9�

ith approximation 
��
�P
	� where �P=d� /d	 is evaluated at

P of Eq. �5.8�. Assuming again that �P�� we find stress jump
elation


	r� 
 −
�P

2�

	� �5.10�

urther specification for the power law gives, by Eq. �5.8�


	r� 
 −
1

2�n
�8��1 − n�n

9	y
��1−n�/�2−n�


	� �5.11�

his result shows that the ratio between the jumps in 	 and in 	r,
t the discontinuity, is approximately independent of the cavity
xpansion velocity and can serve as a simple check of numerical
esults at the shock discontinuity. For common solids, the jump in
adial stress predicted by Eq. �5.11� is much higher than the jump

0 0.1 0.2 0.3 0.4 0.5

1

1.5

2

2.5

3

n

ΣP

Σy

Exact

Approximate

ig. 2 Comparison of shock intermediate effective stress val-
es from exact solution of Eq. „5.6… with approximate value
rom Eq. „5.8…. Hardening relation „2.7… is used with varying
alues of hardening index n. Predictions of �P are practically

dentical.
n Mises stress. A similar observation holds for the ratio 
	h� / 
	�.
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Returning to Eq. �5.1�, specified on both sides of the shock

�m2�P
2 = �1 + �h

3 − �h
e3�+3�	r+�	�

�=�P
−,�P

+
�5.12�

and assuming that for common materials, ����	r� in the vicinity
of shock wave, we obtain a rough estimation of shock wave loca-
tion.

�m2�P
2 
 �1 + �h

3 − �h
e3�+�	�

	=	P

�5.13�

Thus, with 	P approximated by Eq. �5.8� we can assess through
Eq. �5.13� the value of �P for given material parameters �	y ,n�.

It follows that shock jump conditions together with singularity
condition �3.4� and density ratio equation �2.1�–the latter two im-
posed on both sides of �P–enable numerical integration up to cav-
ity wall �	→�� with the single unknown parameter C.

6 Numerical Results
Equations �2.3� and �2.4� have been integrated numerically em-

ploying a standard fourth-order Runge–Kutta method. Emergence
of plastic shock wave has been controlled by checking the singu-
larity condition �2.10� with increasing expansion velocity m. Once
a singularity has been detected, integration was performed up to a
close vicinity of �P and continued across the shock wave with
��P

+ −�P
−�≪�P. Results have been obtained for several material

types with parameters summarized in Table 1, along with the criti-
cal velocity at which the shock first appears �mC� for each mate-
rial. Results for material 1 are displayed in Figs. 2–6 for various
values of m. In all figures discontinuities for m�mC are apparent,
indicating the expected existence of plastic shock waves.

Over most of the range of � the values of the effective stress,
shown in Fig. 3, are moderate; however, very close to the cavity

Table 1 Properties of investigated materials; mC is the critical
velocity at which the shock first appears

Material 
 	y n mC

1 0.3 0.003 0.3 0.59
2 0.3 0.003 0.1 0.54
3 0.3 0.003 0.15 0.55
4 0.3 0.01 0.3 0.64
5 0.3 0.001 0.3 0.56
6 0 0.003 0.3 0.41
7 0.499 0.003 0.3 0.66

1 1.5 2 2.5 3 3.5 4 4.5 5
0

1

2

3

4

5

6

7

8

Σ
Σy

ξ

m = 0.20.30.40.50.60.7

ΣP /Σy

Fig. 3 Variation in effective stress along the radial coordinate
� with different values of m, for material 1, as specified in Table
1. The dashed line shows the approximate value of �P calcu-

lated from relation „5.8….
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all there is a strong radial gradient, where 	 /	y→�, suggesting
he existence of a near cavity boundary layer. The approximate
alue of 	P /	y obtained from relation �5.8� is also represented in
ig. 3 revealing very good agreement for the intermediate value at

he shock.

1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

V

ξ

m = 0.20.30.40.50.60.7

ig. 4 Variation in V along the normalized radial coordinate �
ith different values of m for material 1, as specified in Table 1.
he dashed lines represent the calculated values of �P from
elation „5.13…, for m=0.6,0.7, respectively.

1 1.5 2 2.5 3
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

ρ
ρo

ξ

1 1.05 1.1
1.53

1.54

1.55

ξ

ρ
ρo

m = 0.7

0.6

0.5

0.4

0.3

0.2

m = 0.6

ig. 5 Variation in density ratio � /�o along the normalized ra-
ial coordinate � with different values of m for material 1, as
pecified in Table 1. Sub figure is enlargement of curve for
=0.6, showing the sharp drop in density near the cavity wall,

ndicating the existence of a boundary layer.

1 1.5 2 2.5 3
−180

−160

−140

−120

−100

−80

−60

−40

−20

0

Σr

Σy

ξ

m = 0.7

0.6

0.5

0.4

0.3

0.2

ig. 6 Variation in radial stress along the normalized radial
oordinate � with different values of m for material 1, as speci-

ed in Table 1
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In Fig. 4, the approximate values of �P from relation �5.13� for
m=0.6 and 0.7 are displayed along with radial profiles of the
normalized velocity. For m=0.6, the approximate value of �P is
very accurate compared with the calculated value, however, as m
increases the accuracy is reduced.

Clearly from Figs. 3 and 4, as the cavity expansion velocity
increases, the extent of process zone ��E�, as well as the location
of the plastic shock wave ��P�, decrease and severe gradients de-
velop near the wall. This observation is in agreement with Eqs.
�4.1� and �5.13�, which indicate that both �E and �P behave like
1 /m. In fact, at high levels of m the ratio �P /�E depends, to lead-
ing terms, only on material properties. The order of locations 1
��P��i��E has been preserved in all cases examined in this
study. However, with increasing levels of m the plastic shock
moves toward the elastoplastic interface, eventually coinciding
��P=�i�. In the absence of a smooth elastic-plastic transition, the
shock will stay at �i for higher cavity expansion velocities. How-
ever, for smooth hardening relations, such as the Ramberg–
Osgood law, �P continues to increase until, eventually, at very
high levels of m, the elastoplastic shock coincides with the rigid/
elastic interface ��P=�E�.

Density profiles, in Fig. 5 show that over most of the range the
density increases as the wall is approached. However, very close
to the cavity wall, a maximum density is attained followed by a
sudden drop, as shown by the enlarged curve, for m=0.6, in the
sub figure. The strong changes in density, very close to the cavity
wall, verify the existence of a near wall boundary layer.

Levels of shock intensity can be assessed from relative jumps in
field variables across �P. As expected, shock discontinuities be-
come stronger with increasing expansion velocity �Figs. 3–6�.

From the radial profile curves of 	r shown in Fig. 6, it is ap-
parent that as m increases the radial stress approaches the cavity
wall with steeper gradients and with extremely high levels of ap-
plied pressure, in a range where the ability of the material to
endure these load levels becomes questionable. However, from
Figs. 7 and 8, showing the dependence of the applied pressure on
m for various material parameters, it is evident that the occurrence
of a plastic shock wave does not radically change the behavior in
terms of applied pressure. Curves of P versus m, similar to those
of in Figs. 7 and 8, have been shown in Masri and Durban �1� but
for a rather limited range of cavity expansion velocities that did
not cover the formation of a plastic shock. Here, the sensitivity to

 is noticed �Fig. 7� at high expansion velocities while the hard-
ening index and the yield stress have relatively little influence.

By comparison, we have plotted on Fig. 8 the dynamic branch
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Fig. 7 Variation in applied pressure P with cavity expansion
velocity for „a… materials 1 and 2 as specified in Table 1 „differ-
ent values of hardening index n… and „b… materials 1, 6, and 7,
as specified in Table 1 „different values of Poisson ratio �…
of cavitation pressure formula for incompressible solids �1�
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P =�
0

�
	d�

e3/2� − 1
+

3

2
m2 �6.1�

he deviation of �P− P�m=0�� from the classical Poncelet pa-
abola 3m2 /2 reflects influence of coupling between elastic com-
ressibility and expansion velocity, implying that the Poncelet pa-
abola is an upper bound on cavitation pressure, as illustrated in
ig. 8.
Curves for the constant C with varying values of m are shown

n Fig. 9 for all materials from Table 1 with the known incom-
ressible result C=2 /3 recovered for any m.

The present self-similar solution applies to steady-state dy-
amic cavitation at high expansion velocities. It remains, although
n open question whether the process of monotonously increasing
he internal pressure inside the cavity will eventually induce a
elf-similar dynamic field under constant pressure.

The singular surface determined by Eq. �3.4� is associated with
ystem equations �2.3� and �2.4� of ordinary nonlinear differential
quations with no time coordinate as independent variable. The
umerical results, supported by simple analysis of jump condi-
ions across the plastic shock wave, reveal gradual development of
n intense gradient zone as expansion velocity increases.

At critical values of m �about 3–4 km/s for common metals� a
harp discontinuity sets in and numerical procedure needs to ac-
ount for Hugoniot conditions. Near wall boundary layer behavior
btained numerically compares well with asymptotic analysis
iven in next section.

For dynamic cavity expansion fields, that are not self-similar,
e have the governing system of partial differential equations
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ig. 8 Variation in applied pressure P with cavity expansion
elocity for materials 1, 4, and 5, as specified in Table 1 „differ-
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olids „�=0.5… is shown by circles.
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radial motion
�	r

�R
+

2

R
�	r − 	�� =

�

E

�U

�t
�6.2�

radial strain rate
�U

�R
=

�

�t
�	r − 2
	� − �P� �6.3�

circumferential strain rate
U

R
=

�

�t
�− 
	r + �1 − 
�	� +

1

2
�P�

�6.4�
along with the density-pressure equation of state �2.1�. Here, we
denote by U the radial material velocity.

The characteristic slopes obtained from Eqs. �6.2�–�6.4� are

��dR

dt
�2

= �E

�
�1 + �h

3 − �h
�6.5�

in agreement with the small-strain ��=�o� result �2�. A further
substitution of Eqs. �2.1� and �2.5� results in

�m2� dR

Ȧdt
�2

=
1 + �h

3 − �h
e� �6.6�

which differs from the steady-state relation �2.10� by the term
exp�2��.

Now, subtracting Eq. �6.4� from Eq. �6.3� we get the equation

�U

�R
−

U

R
= −

�

�t
��1 + 
�	 −

3

2
�P� �6.7�

Under steady-state conditions �Masri an Durban 2005� where U

= ȦV and

���
�t

=
��

�t

d��
d�

=
Ȧ

A
�V − ��

d��
d�

�6.8�

Equation �6.7� integrates exactly to the holonomic form �2.2�.
Likewise, applying transformation �6.8� on R itself gives, with the
aid of Eq. �2.2�, in steady-state

dR

dt
= − Ȧ�e−� �6.9�

Inserting Eq. �6.9� in Eq. �6.6�, we find

�m2�2 =
1 + �h

3 − �h
e�+2� �6.10�

which is identical with Eq. �2.10�. Plastic shocks do not exist for
incompressible solids, yet for ��0 their existence should be con-
firmed by tracing the entire history of dynamic elastoplastic fields
induced by an expanding cavity under monotonously increasing
pressure.

7 Near Wall Boundary Layer Asymptotic Analysis
Near the cavity wall there exists a thin layer where the plastic

branch dominates and, asymptotically ��	 with �	�� , �	r�����.
Within this boundary layer, where �→1, the gradients in field
variables �� ,	� become significant, the density exhibits a sharp
drop �Fig. 5�, and the effective stress increases rapidly �Fig. 3�,
indicating the existence of an inner boundary layer. Under these
assumptions within the boundary layer, the second of relation
�2.2� can be approximated by

� �
3

2
� �7.1�

so Eq. �2.3� is reduced to

�� �
2

�
�1 − e�� �7.2�
or after inserting relation �7.1� and integrating
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here B is an integration constant. However, since �→� as �
1 we have B=1 and Eq. �7.3� is simply

� �
2

3
ln

�3

�3 − 1
�7.4�

ndependent of material parameters. Recalling that by Eq. �2.7�
ithin the boundary layer 	
	y

1−n�n, we have the effective stress

	 � 	y� 2

3	y
ln

�3

�3 − 1
�n

�7.5�

his relation provides an asymptotic estimation for 	 within the
oundary layer near the wall.

The boundary layer velocity profile V derived from relation
2.2�, with the aid of Eq. �7.4�, is simply the incompressible pro-
le

V �
1

�2 �7.6�

oth asymptotic relations, for the effective stress and radial ve-
ocity, are independent of the cavity expansion velocity �m�, al-
hough as shown in Figs. 10 and 11, accurate numerical results are
etter approximated for low cavity expansion velocities.

Turning to the asymptotic behavior of the radial stress, we start
ith the first-order approximation for 	r

	r � − P + 	1�� − 1�, 	1 = 	r��� = 1� �7.7�
owever, the radial equation of motion �2.4� can be written as

	r� =
2

�
	 + m2 �

�o
�V − ��V� �7.8�

ith the density ratio equation �2.1� rewritten, in terms of 	r and
, as

�

�o
= e−��3	r+2	� �7.9�

ow, at a distance from the wall we insert Eq. �7.7� in Eq. �7.9� to
btain the boundary layer approximation

�

�o
= e−2�	e3�P�1 − 3�	1�� − 1�� �7.10�

ubstituting Eqs. �7.6� and �7.10� in Eq. �7.8� results in, for �
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ig. 10 Variation in � along the normalized radial coordinate �
ithin the near cavity zone for material 1, as specified in Table
, for m=0.2,0.6. The dashed line represents the asymptotic
xpansion „7.5….
1,
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	1�� − 1� �
�	 + m2e3�P−2�	

�3 − 1

�4 �2�� − 1�
�

1 + 6�m2e3�P−2�	
��3 − 1��� − 1�

�5

�7.11�

with 	 given by Eq. �7.5�.
Boundary layer expansion for radial stress equation �7.7� and

density equation �7.10� are now fully determined, for given m and
P since 	1 is evaluated directly from Eq. �7.11�. It can be seen
from Figs. 12 and 13 that for a given value of P, the asymptotic
behaviors of 	r and � /�o are well captured, where again the ap-
proximation is better at low cavity expansion velocities.

8 Concluding Remarks
Spherical symmetric dynamic cavitation fields, at high expan-

sion velocities, with propagation of plastic shock waves have been
studied. Analysis is within framework of steady-state self-similar
deformation patterns accounting for Hugoniot jump conditions
across shock waves. Material behavior is according to J2 plasticity
theory with power hardening and elastic compressibility.

Solution within elastic field is approximated for small strains
and an iterative numerical procedure is employed in post yield
elastoplastic zone. Overall dependence of cavitation pressure on
cavity expansion velocity shows little sensitivity to hardening in-
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Fig. 11 Variation in V along the radial coordinate � within the
near cavity zone for material 1, as specified in Table 1, for m
=0.2,0.6. Dashed line represents the asymptotic expansion
„7.6….
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all with increasing expansion velocities while, by comparison,

ffective Mises stress attains much smaller values. An improved
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ealistic hydrostat �such as the Murnaghan power relation between
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Shock wave characteristics have been approximated by simple
analytical expressions and, likewise, near wall boundary layer
asymptotic analysis provides reasonable estimations in compari-
son with numerical results.
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